2 point boundary value problem

2 point boundary value problem is a fundamental concept in the study of differential equations, playing
a crucial role in various applications across physics, engineering, and applied mathematics. This type
of problem involves finding a solution to a differential equation that satisfies specified conditions at two
distinct points, often referred to as boundary conditions. The 2 point boundary value problem differs
from initial value problems in that the conditions are imposed at two separate points rather than at a
single initial point. Understanding the properties, methods of solution, and practical implementations of
2 point boundary value problems is essential for modeling phenomena where conditions at boundaries
dictate the behavior of the system. This article explores the theory behind 2 point boundary value
problems, common numerical techniques for their solution, and examples of their application in various
scientific fields. The comprehensive overview also addresses challenges encountered in solving these

problems and strategies to overcome them.
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Definition and Basic Concepts of 2 Point Boundary Value

Problem

A 2 point boundary value problem (BVP) involves solving a differential equation subject to boundary
conditions specified at two distinct points, typically denoted as x = a and x = b. Unlike initial value
problems where all conditions are given at a single point, the 2 point BVP requires the solution to
satisfy constraints at both ends of the domain. This formulation is prevalent in steady-state physical
processes, such as heat distribution along a rod or static deflection of beams, where the state of the

system is known or controlled at boundaries.
At its core, the 2 point boundary value problem can be expressed as:
Lly(x)] = f(x), a Ux Hb, with boundary conditions y(a) = Uand y(b) = U

where L represents a differential operator, y(x) is the unknown function, and f(x) is a given source
term. The boundary values [l and [l provide the constraints necessary to determine a unique solution

under suitable conditions.

Mathematical Formulation and Types

The mathematical formulation of 2 point boundary value problems typically involves ordinary differential
equations (ODEs), but can also extend to partial differential equations (PDEs) in specific contexts. The

most common form is a second-order linear differential equation:

y'(%) + pey'x) + qoyee) = rix), a L x [T b,

with boundary conditions:
* y(a) = H(Dirichlet condition)

e y(b) = H(Dirichlet condition)

Alternatively, boundary conditions could be of Neumann type, involving derivatives such as y'(a) = U



and y'(b) = U or Robin type, which combine function values and derivatives.

Classification of 2 Point Boundary Value Problems

2 point boundary value problems are classified based on linearity, the order of the differential equation,

and the nature of the boundary conditions:

¢ Linear vs Nonlinear: Linear problems allow superposition of solutions, while nonlinear problems

involve more complex solution behavior.

¢ Order of the Equation: Most common problems are second order, but higher-order boundary

value problems also exist.

¢ Boundary Condition Types: Dirichlet, Neumann, Robin, or mixed types determine the problem’s

characteristics and solution methods.

Analytical Methods for Solving 2 Point Boundary Value

Problems

Analytical solutions to 2 point boundary value problems are possible for certain classes of differential
equations, especially linear ones with constant coefficients. These solutions provide explicit formulas

for the unknown functions that satisfy both the differential equation and the boundary conditions.

Method of Green’s Functions

The Green’s function technique converts the boundary value problem into an integral equation. This
method is powerful for linear differential operators and enables the construction of solutions by

superimposing the effects of point sources within the domain.



Eigenvalue and Sturm-Liouville Problems

Many 2 point boundary value problems can be framed as Sturm-Liouville problems, where eigenvalues
and eigenfunctions describe natural modes of the system. This approach is common in physics,

especially in quantum mechanics and vibration analysis, providing insight into solution structure.

Variation of Parameters and Reduction of Order

These classical methods help solve nonhomogeneous linear differential equations with given boundary
conditions. Variation of parameters constructs particular solutions, while reduction of order simplifies

problems when one solution to the homogeneous equation is known.

Numerical Techniques and Algorithms

When analytical solutions are unattainable, numerical methods provide practical means to approximate
solutions of 2 point boundary value problems. These methods discretize the domain and solve

corresponding algebraic systems.

Shooting Method

The shooting method transforms the boundary value problem into an initial value problem by guessing
unknown initial conditions and iteratively adjusting them to satisfy the boundary at the other endpoint. It

is intuitive but sensitive to initial guesses and problem stability.

Finite Difference Method

This technique approximates derivatives by differences on a mesh of points between a and b. It
converts the differential equation into a system of linear or nonlinear algebraic equations, which can be

solved using matrix methods.



Finite Element Method

Widely used in engineering, the finite element method divides the domain into smaller elements and
uses piecewise polynomial functions to approximate solutions. It is highly flexible and suitable for

complex geometries and boundary conditions.

Collocation and Spectral Methods

These involve approximating the solution by functions that satisfy the differential equation at selected
collocation points or represent the solution as a series of basis functions, respectively. They offer high

accuracy for smooth problems.

Summary of Numerical Methods

¢ Shooting Method: Simple to implement; suitable for problems with stable initial value

formulations.
e Finite Difference: Straightforward discretization; effective for regular domains.
¢ Finite Element: Flexible for irregular domains and complex boundaries.

¢ Collocation and Spectral: High accuracy for smooth solutions; can be computationally intensive.

Applications in Science and Engineering

2 point boundary value problems are ubiquitous in modeling steady-state phenomena and spatial

distributions. Their applications span broad scientific and engineering disciplines.



Heat Transfer and Thermal Analysis

Steady-state temperature distribution along a rod or plate is modeled using 2 point boundary value

problems involving the heat equation with boundary temperatures specified at the ends.

Structural Mechanics

Beam deflection under load, column buckling, and vibration modes are classic examples where

governing differential equations with boundary conditions describe physical behavior.

Fluid Mechanics

Velocity profiles in laminar flow between two plates or pressure distribution in pipes can be analyzed

using boundary value formulations.

Electromagnetic Fields

Potential distribution in electrostatics and steady-state magnetic fields often require solving boundary

value problems with prescribed values at boundaries.

Quantum Mechanics

Schrédinger’s equation often takes the form of a 2 point boundary value problem, where wavefunctions

must satisfy boundary conditions at the edges of a potential well or domain.

Common Challenges and Solution Strategies

Solving 2 point boundary value problems presents challenges related to existence, uniqueness,

stability, and computational complexity.

Existence and Uniqueness of Solutions

Not all boundary value problems guarantee a unique solution. Conditions such as linearity, boundary



condition consistency, and operator properties influence solution existence and uniqueness. Theorems

like the Fredholm alternative provide criteria for these aspects.

Stiffness and Numerical Stability

Stiff differential equations can cause numerical instability, making standard methods unreliable.
Specialized algorithms and adaptive step size control are often required to maintain accuracy and

stability.

Handling Nonlinearities

Nonlinear 2 point boundary value problems require iterative methods such as Newton-Raphson or
continuation techniques to find approximate solutions. Convergence depends on good initial

approximations and problem conditioning.

Computational Efficiency

Efficient algorithms are critical for large-scale or high-dimensional problems. Sparse matrix techniques,

parallel computing, and multigrid methods help reduce computational load.

Strategies to Overcome Challenges

e Careful formulation and verification of boundary conditions

¢ Use of robust numerical solvers tailored to problem characteristics

¢ Implementation of mesh refinement and adaptive algorithms

¢ Analytical preconditioning and problem simplification where possible



Frequently Asked Questions

What is a 2 point boundary value problem in differential equations?

A 2 point boundary value problem (BVP) is a differential equation accompanied by boundary conditions
specified at two distinct points, typically at the endpoints of an interval. The solution must satisfy the

differential equation and meet the boundary conditions at these two points.

How does a 2 point boundary value problem differ from an initial value
problem?

In a 2 point boundary value problem, boundary conditions are specified at two different points (usually
at the start and end of the interval), whereas in an initial value problem, all conditions are given at a

single point. This difference often makes BVPs more challenging to solve analytically and numerically.

What are common numerical methods used to solve 2 point boundary
value problems?

Common numerical methods for solving 2 point boundary value problems include the shooting method,
finite difference method, and finite element method. These methods approximate the solution by

discretizing the domain or reformulating the problem to iteratively meet the boundary conditions.

Can nonlinear 2 point boundary value problems be solved analytically?

Nonlinear 2 point boundary value problems are generally difficult to solve analytically, and closed-form
solutions exist only for specific cases. Most nonlinear BVPs require numerical approaches or

approximation techniques to find solutions.

What are some applications of 2 point boundary value problems in



science and engineering?

2 point boundary value problems appear in various fields such as physics (heat conduction, quantum
mechanics), engineering (beam deflection, fluid flow), and biology (population models). They model

situations where conditions at two spatial or temporal points determine the behavior of a system.

Additional Resources

1. Boundary Value Problems for Second Order Differential Equations

This book provides a comprehensive introduction to boundary value problems, focusing on second-
order differential equations. It covers existence, uniqueness, and numerical methods for solving two-
point boundary value problems. The text is suitable for graduate students and researchers in applied

mathematics and engineering.

2. Two-Point Boundary Value Problems: Theory and Methods

A detailed exploration of theoretical foundations and computational techniques for two-point boundary
value problems. The book includes classical and modern approaches, with practical examples and
applications to physics and engineering. It also discusses nonlinear problems and iterative solution

methods.

3. Numerical Methods for Two-Point Boundary Value Problems

This book emphasizes numerical analysis techniques for solving two-point boundary value problems. It
covers finite difference methods, shooting methods, and collocation techniques, with an emphasis on
implementation and error analysis. Practical algorithms and code snippets are included for hands-on

learning.

4. Nonlinear Two-Point Boundary Value Problems

Focusing on nonlinear differential equations, this text investigates existence, multiplicity, and stability of
solutions to two-point boundary value problems. It includes variational methods and topological
approaches like fixed point theorems. The book is aimed at advanced students and researchers

working on nonlinear analysis.



5. Boundary Value Problems: An Introduction to Functional Analysis and Differential Equations
This introductory text links functional analysis concepts with the study of boundary value problems. It
provides a rigorous framework for understanding two-point boundary value problems, including spectral

theory and Green’s functions. The book balances theory with practical problem-solving techniques.

6. Spectral Theory and Two-Point Boundary Value Problems

This book presents an in-depth look at spectral theory related to two-point boundary value problems. It
covers eigenvalue problems, Sturm-Liouville theory, and applications to quantum mechanics and
vibration analysis. The text is mathematically rigorous and suited for readers with a strong background

in differential equations.

7. Applied Boundary Value Problems with Fourier Series and Partial Differential Equations

While broader in scope, this book includes significant coverage of two-point boundary value problems
within the context of partial differential equations. It uses Fourier series methods to solve classical
boundary value problems, connecting theory with engineering applications. The material is accessible

to advanced undergraduates and graduate students.

8. Partial Differential Equations and Boundary Value Problems with Maple

This practical guide integrates symbolic computation with the study of boundary value problems,
including two-point problems for ordinary differential equations. It demonstrates how to use Maple
software to analyze and solve these problems efficiently. The book is ideal for students and

professionals interested in computational methods.

9. Boundary Value Problems and Partial Differential Equations

This comprehensive text covers a wide range of boundary value problems, emphasizing foundational
theory and methods for two-point problems. It includes classical methods, variational principles, and
numerical techniques. The book serves as a valuable resource for students in applied mathematics,

physics, and engineering.
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2 point boundary value problem: Numerical Methods for Two-Point Boundary-Value
Problems Herbert B. Keller, 2018-11-14 Elementary yet rigorous, this concise treatment is directed
toward students with a knowledge of advanced calculus, basic numerical analysis, and some
background in ordinary differential equations and linear algebra. 1968 edition.

2 point boundary value problem: Numerical Solution of Two Point Boundary Value
Problems Herbert B. Keller, 1976-01-01 Lectures on a unified theory of and practical procedures
for the numerical solution of very general classes of linear and nonlinear two point boundary-value
problems.

2 point boundary value problem: Two-point Boundary Value Problems: Shooting
Methods Sanford M. Roberts, Jerome S. Shipman, 1972

2 point boundary value problem: Two-Point Boundary Value Problems: Lower and Upper
Solutions C. De Coster, P. Habets, 2006-03-21 This book introduces the method of lower and upper
solutions for ordinary differential equations. This method is known to be both easy and powerful to
solve second order boundary value problems. Besides an extensive introduction to the method, the
first half of the book describes some recent and more involved results on this subject. These concern
the combined use of the method with degree theory, with variational methods and positive
operators. The second half of the book concerns applications. This part exemplifies the method and
provides the reader with a fairly large introduction to the problematic of boundary value problems.
Although the book concerns mainly ordinary differential equations, some attention is given to other
settings such as partial differential equations or functional differential equations. A detailed history
of the problem is described in the introduction.- Presents the fundamental features of the method-
Construction of lower and upper solutions in problems- Working applications and illustrated
theorems by examples- Description of the history of the method and Bibliographical notes

2 point boundary value problem: Boundary Value Problems for Engineers Ali Umit
Keskin, 2019-06-19 This book is designed to supplement standard texts and teaching material in the
areas of differential equations in engineering such as in Electrical ,Mechanical and Biomedical
engineering. Emphasis is placed on the Boundary Value Problems that are often met in these
fields.This keeps the the spectrum of the book rather focussed .The book has basically emerged from
the need in the authors lectures on “Advanced Numerical Methods in Biomedical Engineering” at
Yeditepe University and it is aimed to assist the students in solving general and application specific
problems in Science and Engineering at upper-undergraduate and graduate level.Majority of the
problems given in this book are self-contained and have varying levels of difficulty to encourage the
student. Problems that deal with MATLAB simulations are particularly intended to guide the student
to understand the nature and demystify theoretical aspects of these problems. Relevant references
are included at the end of each chapter. Here one will also find large number of software that
supplements this book in the form of MATLAB script (.m files). The name of the files used for the
solution of a problem are indicated at the end of each corresponding problem statement.There are
also some exercises left to students as homework assignments in the book. An outstanding feature of
the book is the large number and variety of the solved problems that are included in it. Some of
these problems can be found relatively simple, while others are more challenging and used for
research projects. All solutions to the problems and script files included in the book have been
tested using recent MATLAB software.The features and the content of this book will be most useful
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to the students studying in Engineering fields, at different levels of their education (upper
undergraduate-graduate).

2 point boundary value problem: Nonlinear Interpolation and Boundary Value Problems
Paul W. Eloe, Johnny Henderson, 2016 This book is devoted to the study of solutions of nonlinear
ODE boundary value problems as nonlinear interpolation problems. In 1967, Lasota and Opial
showed that, under suitable hypotheses, if solutions of a second-order nonlinear differential equation
passing through two distinct points are unique, when they exist, then, in fact, a solution passing
through two distinct points does exist. That result, coupled with the pioneering work of Philip
Hartman on what was then called unrestricted n-parameter families has stimulated 50 years of rapid
development in the study of solutions of boundary value problems as nonlinear interpolation
problems. The purpose of this book is two-fold. First, the results that have been generated in the
past 50 years are collected for the first time to produce a comprehensive and coherent treatment of
what is now a well-defined area of study in the qualitative theory of ordinary differential equations.
Second, methods and technical tools are sufficiently exposed so that the interested reader can
contribute to the study of nonlinear interpolation--

2 point boundary value problem: Nonlinear Two Point Boundary Value Problems Bailey, 1968
Nonlinear Two Point Boundary Value Problems

2 point boundary value problem: Boundary Value Problems on Time Scales, Volume II
Svetlin Georgiev, Khaled Zennir, 2021-10-14 Boundary Value Problems on Time Scales, Volume II is
devoted to the qualitative theory of boundary value problems on time scales. Summarizing the most
recent contributions in this area, it addresses a wide audience of specialists such as mathematicians,
physicists, engineers and biologists. It can be used as a textbook at the graduate level and as a
reference book for several disciplines. The text contains two volumes, both published by Chapman &
Hall/CRC Press. Volume I presents boundary value problems for first- and second-order dynamic
equations on time scales. Volume II investigates boundary value problems for three, four, and
higher-order dynamic equations on time scales. Many results to differential equations carry over
easily to corresponding results for difference equations, while other results seem to be totally
different in nature. Because of these reasons, the theory of dynamic equations is an active area of
research. The time-scale calculus can be applied to any field in which dynamic processes are
described by discrete or continuous time models. The calculus of time scales has various
applications involving noncontinuous domains such as certain bug populations, phytoremediation of
metals, wound healing, maximization problems in economics, and traffic problems. Boundary value
problems on time scales have been extensively investigated in simulating processes and the
phenomena subject to short-time perturbations during their evolution. The material in this book is
presented in highly readable, mathematically solid format. Many practical problems are illustrated
displaying a wide variety of solution techniques. AUTHORS Svetlin G. Georgiev is a mathematician
who has worked in various areas of the study. He currently focuses on harmonic analysis, functional
analysis, partial differential equations, ordinary differential equations, Clifford and quaternion
analysis, integral equations, and dynamic calculus on time scales. Khaled Zennir earned his PhD in
mathematics in 2013 from Sidi Bel Abbes University, Algeria. In 2015, he received his highest
diploma in Habilitation in mathematics from Constantine University, Algeria. He is currently
assistant professor at Qassim University in the Kingdom of Saudi Arabia. His research interests lie in
the subjects of nonlinear hyperbolic partial differential equations: global existence, blowup, and
long-time behavior.

2 point boundary value problem: Nonlinear Interpolation And Boundary Value Problems
Paul W Eloe, Johnny L. Henderson, 2015-12-31 This book is devoted to the study of boundary value
problems for nonlinear ordinary differential equations and focuses on questions related to the study
of nonlinear interpolation. In 1967, Andrzej Lasota and Zdzistaw Opial showed that, under suitable
hypotheses, if solutions of a second-order nonlinear differential equation passing through two
distinct points are unique, when they exist, then, in fact, a solution passing through two distinct
points does exist. That result, coupled with the pioneering work of Philip Hartman on what was then



called unrestricted n-parameter families, has stimulated 50 years of development in the study of
solutions of boundary value problems as nonlinear interpolation problems.The purpose of this book
is two-fold. First, the results that have been generated in the past 50 years are collected for the first
time to produce a comprehensive and coherent treatment of what is now a well-defined area of study
in the qualitative theory of ordinary differential equations. Second, methods and technical tools are
sufficiently exposed so that the interested reader can contribute to the study of nonlinear
interpolation.

2 point boundary value problem: Ordinary Differential Equations And Boundary Value
Problems - Volume li: Boundary Value Problems John R Graef, Johnny L Henderson, Lingju Kong,
Sherry Xueyan Liu, 2018-09-18 The authors give a systematic introduction to boundary value
problems (BVPs) for ordinary differential equations. The book is a graduate level text and good to
use for individual study. With the relaxed style of writing, the reader will find it to be an enticing
invitation to join this important area of mathematical research. Starting with the basics of boundary
value problems for ordinary differential equations, linear equations and the construction of Green's
functions are presented clearly.A discussion of the important question of the existence of solutions
to both linear and nonlinear problems plays a central role in this volume and this includes solution
matching and the comparison of eigenvalues.The important and very active research area on
existence and multiplicity of positive solutions is treated in detail. The last chapter is devoted to
nodal solutions for BVPs with separated boundary conditions as well as for non-local problems.While
this Volume II complements , it can be used as a stand-alone work.

2 point boundary value problem: Trends in the Theory and Practice of Non-Linear
Analysis , 1985-01-01 Trends in the Theory and Practice of Non-Linear Analysis

2 point boundary value problem: Numerical Recipes in FORTRAN 77: Volume 1, Volume 1 of
Fortran Numerical Recipes William H. Press, Saul A. Teukolsky, Brian P. Flannery, William T.
Vetterling, 1992-09-25 As with Numerical Recipes in C, the FORTRAN edition has been greatly
revised to make this edition the most up to date handbook for those working with FORTRAN.
Between both editions of Numerical Recipes, over 300,000 copies have been sold.

2 point boundary value problem: Surveys in Differential-Algebraic Equations II Achim
[lchmann, Timo Reis, 2014-12-04 The present volume comprises survey articles on various fields of
Differential-Algebraic Equations (DAEs), which have widespread applications in controlled
dynamical systems, especially in mechanical and electrical engineering and a strong relation to
(ordinary) differential equations. The individual chapters provide reviews, presentations of the
current state of research and new concepts in - Observers for DAEs - DAEs in chemical processes -
Optimal control of DAEs - DAEs from a functional-analytic viewpoint - Algebraic methods for DAEs
The results are presented in an accessible style, making this book suitable not only for active
researchers but also for graduate students (with a good knowledge of the basic principles of DAEs)
for self-study.

2 point boundary value problem: Introduction to Numerical Analysis Using MATLAB® Butt,
2009-02-17 Numerical analysis is the branch of mathematics concerned with the theoretical
foundations of numerical algorithms for the solution of problems arising in scientific applications.
Designed for both courses in numerical analysis and as a reference for practicing engineers and
scientists, this book presents the theoretical concepts of numerical analysis and the practical
justification of these methods are presented through computer examples with the latest version of
MATLAB. The book addresses a variety of questions ranging from the approximation of functions
and integrals to the approximate solution of algebraic, transcendental, differential and integral
equations, with particular emphasis on the stability, accuracy, efficiency and reliability of numerical
algorithms. The CD-ROM which accompanies the book includes source code, a numerical toolbox,
executables, and simulations.

2 point boundary value problem: Handbook of Splines Gheorghe Micula, Sanda Micula,
2012-12-06 The purpose of this book is to give a comprehensive introduction to the theory of spline
functions, together with some applications to various fields, emphasizing the significance of the




relationship between the general theory and its applications. At the same time, the goal of the book
is also to provide new ma terial on spline function theory, as well as a fresh look at old results, being
written for people interested in research, as well as for those who are interested in applications. The
theory of spline functions and their applications is a relatively recent field of applied mathematics. In
the last 50 years, spline function theory has undergone a won derful development with many new
directions appearing during this time. This book has its origins in the wish to adequately describe
this development from the notion of 'spline' introduced by 1. J. Schoenberg (1901-1990) in 1946, to
the newest recent theories of 'spline wavelets' or 'spline fractals'. Isolated facts about the functions
now called 'splines' can be found in the papers of L. Euler, A. Lebesgue, G. Birkhoff, ]J.

2 point boundary value problem: Fractional Differential Equations, Inclusions and
Inequalities with Applications Sotiris K. Ntouyas, 2020-11-09 During the last decade, there has been
an increased interest in fractional differential equations, inclusions, and inequalities, as they play a
fundamental role in the modeling of numerous phenomena, in particular, in physics, biomathematics,
blood flow phenomena, ecology, environmental issues, viscoelasticity, aerodynamics,
electrodynamics of complex medium, electrical circuits, electron-analytical chemistry, control
theory, etc. This book presents collective works published in the recent Special Issue (SI) entitled
Fractional Differential Equation, Inclusions and Inequalities with Applications of the journal
Mathematics. This Special Issue presents recent developments in the theory of fractional differential
equations and inequalities. Topics include but are not limited to the existence and uniqueness
results for boundary value problems for different types of fractional differential equations, a variety
of fractional inequalities, impulsive fractional differential equations, and applications in sciences and
engineering.

2 point boundary value problem: On a Nonlinear Two Point Boundary Value Problem
Milton Lees, 1960

2 point boundary value problem: Handbook of Differential Equations: Ordinary
Differential Equations A. Canada, P. Drabek, A. Fonda, 2005-09-02 This handbook is the second
volume in a series devoted to self contained and up-to-date surveys in the theory of ordinary
differential equations, writtenby leading researchers in the area. All contributors have made an
additional effort to achieve readability for mathematicians and scientists from other related fields, in
order to make the chapters of the volume accessible to a wide audience. . Six chapters covering a
variety of problems in ordinary differential equations. . Both, pure mathematical research and real
word applications are reflected. Written by leading researchers in the area.

2 point boundary value problem: Free-Surface Flow Nikolaos D. Katopodes, 2018-10-31
Free-Surface Flow: Computational Methods presents a detailed analysis of numerical schemes for
shallow-water waves. It includes practical applications for the numerical simulation of flow and
transport in rivers and estuaries, the dam-break problem and overland flow. Closure models for
turbulence, such as Reynolds-Averaged Navier-Stokes and Large Eddy Simulation are presented,
coupling the aforementioned surface tracking techniques with environmental fluid dynamics. While
many computer programs can solve the partial differential equations describing the dynamics of
fluids, many are not capable of including free surfaces in their simulations. - Provides numerical
solutions of the turbulent Navier-Stokes equations in three space dimensions - Includes closure
models for turbulence, such as Reynolds-Averaged Navier-Stokes, and Large Eddy Simulation -
Practical applications are presented for the numerical simulation of flow and transport in rivers and
estuaries, the dam-break problem and overland flow

2 point boundary value problem: Scientific and Technical Aerospace Reports , 1989
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